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Abstract 

We consider the long-time behavior of the entropy solution of a 
first-order scalar conservation law on a Riemannian manifold. In the 
case of the Torus, we show that, under a weak property of genuine 
non-linearity of the flux, the solution converges to its average value in 
L'P , 1 <p < +00. We give a partial result in the general case. 
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1 Introduction 

Let M be a closed {i.e. compact, without boundary) Riemannian manifold 
of dimension d with metric g. Let div be the divergence operator induced by 
g, defined in local coordinates by the formula divX = djX^ + V-'j^-X^, where 
X is a vector field over M and T\ - the Cristoffel's symbols of g. Let y4(-, u) 
be a one-parameter vector field over M such that A & [M x R, TM) and, 
for all M G M, A{-,u) is divergence free. We are interested in the long-time 
behavior of the entropy solution to the Cauchy Problem 

ut + div { A{x, u)) =0, t>0,xeM, (1) 
u{x,0) = uoix), xeM. (2) 

Here the initial datum uq e L°°{M). The Cauchy Problem ([ll)-(I2]) has been 
studied by Amorim, Ben-Artzi, LeFloch in [ABALOSj IBAL07j . More gen- 
erally, first order scalar equation in non-divergence form on manifolds have 
been studied by Panov in [Pan97b] . The case of a manifold with boundary 
has also been addressed by Panov in |Pan97aj . 
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Let Wg be the measure on M induced by the metric g. Without loss of 
generahty, we suppose that the volume of M is 1. For x G M, ^ e M, we set 
a(x,^) = {duA){x,^). At fixed ^ G M, a(-,0 is a free-divergence field over 
M whose flow ((/jf )tgM is a group of measure-preserving diffeomorphisms. We 
say that a(-,^) is ergodic if {ip^) is, that is to say the invariant sets of {ip\) 
are or full or zero measure. By the Ergodic Theorem, this is equivalent to 
the following statement: for all v G L'^{M), 



^ Jo Jm 



in L'^{M) when t +00. The notion of non- degeneracy that we introduce 
can be considered as a quantified hypothesis of ergodic character on the 
averages of a. To be more explicit, let 



Ll{M) := G L\M); vdwg = 



be the space of square-integrable functions over M with zero mean value. 
We introduce the following definition of non-degeneracy of the flux. 

Definition 1 (Non-degeneracy condition) Let E beaBorelsubsetofW. 
We say that A (or a) is non-degenerate on E if the quantity 



\a\(T] E) := sup 



1 



T 



d^ , (3) 



where the supremum is taken over allv G Lq(M) with ||f ||l2(^/) = 1 and over 
C E E, tends to when T +00. 

The notion of entropy solution to the Cauchy Problem ([I])- ([2D is defined in 
|ABAL05l IBAL07] . We will also give an equivalent definition in Definition [3l 
Our main result is the following one. 

Theorem 2 (Long-time convergence of the entropy solution) 

Suppose that M = T'^ is the d-dimensional torus and that a is independent 
on X. Let uq G L°°(M) and let u denote the mass (constant in time) of 
the entropy solution u G C{R+; L^{M)) n L°°(]R+ x M) of the Cauchy Prob- 
lem OP- ID, 

u = u{x, t)d\g{x). 



M 



If the flux A is non- degenerate on a neighborhood of u, then u{t) u in 
LP{M) for every I < p < +00 when t — >• +00. 
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The result of convergence is given only in the case M = T^. The obstruc- 
tion to the convergence in the general case is the lack of a result of compact- 
ness (see Section H]). However, a large part of the intermediate statements 
and results are more intuitive in the context of general Riemannian manifolds 
and we have kept this framework. Observe that, in the case of the torus, the 
non-degeneracy condition 

Vz/G§M{eGi5;(l,a(Or-z/}| = 

implies the non-degeneracy condition given in Def. [T] (see Lemma M at the 
end of the paper). Observe also that a condition of non-degeneracy is ne- 
cessary for the validity of the result. For example, if M = is the 2- 
dimensional torus, and A{^) = |^^ao where = {l,a)^ G M^, then every 
function of the form U{y — ax) is a stationary solution to the conservation 
law Ut + div A{u) = 0. 

In case of unbounded domains, the analysis of the long-time behaviour 
of the entropy solution includes in particular the study of the stability of 
shocks. We refer in particular to the work by Serre [Ser04j . In the case of 
periodic domains, on which we focus, there are no travelling waves (under 
a non-degeneracy condition), but convergence to a constant as described in 
Theorem [21 As in previous results in the area, our proof consists in the study 
of the evolution over the cu-limit set of a trajectory. This is the method used 
in |Daf85l [EE931 lUFOQl IUPOS] . The original result of Lax |Lax57] uses the 
Hopf-Lax formula. Let us also mention the references [FP97j . [Fri02j and 
|AS06] for related work (respectively first-order scalar conservation law with 
memory, long-time behaviour in the almost periodic case and homogeniza- 
tion in periodic, forced scalar conservation law). We have learned after our 
work was finished that Chen and Perthame have written recently an article 
which have some similarity with ours (see |CP08j ). By use of the kinetic 
formulation, they prove the long-time convergence to the mean value on the 
torus. Their result is valid for second order, possibly degenerate, scalar con- 
servation law under a global non-degeneracy condition. In comparison, our 
result is for first-order scalar conservation law but we use a non-degeneracy 
condition which is weaker: it is localized around the mean-value u. 

The proof of the convergence of the entropy solution u stated in Theorem[2] 
uses the kinetic formulation of the Cauchy Problem ([l])-([2]), which we give 
in Section [21 In Section [31 we prove a property of homogenization of the free 
transport equation {dt + ci{x,C,) ■ V)/ = 0. In Section [His given a result of 
compactness on the family {u(t);t > 0} (restricted to the case of the torus). 
At last in Section [5l we give the proof of Theorem [21 
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2 Kinetic formulation of conservation laws 



The kinetic formulation of conservation laws dates back to the paper by Li- 
ons, Perthame, Tadmor |LPT94j and, retrospectively, can already be figured 
out in ^GM83l IBre83l IPTQlj . We refer to the book by Perthame |Per02j 
concerning the subject. Although the theory has been addressed in the case 
M = (or M open subset of M^), the case of a closed Riemannian man- 
ifold is completely similar and therefore, instead of using the definition of 
entropy solution a la Kruzhkov and then give the equivalent kinetic formula- 
tion, we will at once define an entropy solution via the kinetic formulation. 
We leave it to the reader to verify that it coincides with the definition given 
in |BAL07j . We first introduce the definition of equilibrium functions. 
For a, G M, define 

( -1 if a < ^ < 0, 
XaiO= \ 1 ifO<e<a, 
y otherwise. 

If M G L^{M), Xu is the equilibrium function associated to u. Notice that 
Xu £ L^{M X M), as shown by the following identities G M): 

/ (xa(0-X/3(0)+c?e = («-/?)+, / |x.(0-xM0Me=l«-/5|. (4) 

Jr Jr 

Definition 3 (Entropy solution) Letuo G L°°{M). Afunctionu inL°°{Mx 
(0,+cxo)) is said to be an entropy solution to the Cauchy Problem (I^-^ if 
there exists a non-negative measure m on M x [0, +oo) x R such that, for all 
if G Cl{M X [0,+cx)) X M), 

Xu{dt + a{x,^)-V)^pd^d\g{x)dt+ I I Xuo^{0)d^dvg{x) 

JM JR 

d^ipdm{t,x,^). (5) 



jmjr 



JM 



Additionally, 7i#m, the push-forward ofm by the projection n: M x [0, +oo) x 
R ^ M on the {x,t)- coordinates satisfies Tc^m G L"^ fl L°°(R), with 



JR 



(M)- 
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Choose ip{x,t,^) = %lj{x,t)rj\^), t] convex, ^/^ > 0. in and use the sign 
of the right hand- side: 

^{x,t)7]"{Odm{t,x,O>0, 



JM 

to deduce the entropy formulation from the kinetic formulation. The converse 
process starts from the entropy formulation with (semi-) Kruzhkov's entropy 
to define 

m = -[dt{u-0^ + diY{sgn4u~0{A{x,u)-A{x,0))] (6) 

and check, by derivation with respect to ^, that ([5]) is satisfied. 

Ben-Artzi and LeFloch in [BALOTj show that there exists a unique entropy 
solution to the Cauchy Problem ([I])-® and that, besides, u is continuous in 
time with values in L^{M). The continuity in time implies in particular that 
Xu satisfies the weak equation with terminal time T: 

Xu{dt + a{x,^) ■V)'^d^d\g{x)dt + I I Xuo<^{0)dCdVg{x) 
lo Jm jr Jm Jr 




Xu{TMT)d^dvg{x) = / / / d^ipdm{t,x,^), (7) 

M JR JO JM JR 

for every if G C](M x [0, T] x M). 

In |BAL07j . the author also prove the following contraction principle: if 
u and V are respectively the entropy solutions associated to the initial data 
Mo and vq then 

\\{u{t')-v{t'))+\\LiiM) < ||(M(t)-M(t))+|Ui(M) < ||(M0-t^0) + |Ui(M) (8) 

for all t' > t > 0. This, in particular, implies the following maximum princi- 
ple: 

\\u(t)\\L^(^M) < \\uo\\L^iM) for all t > 0. (9) 

Note that, in Definition [3l we state that the measure n^m is finite on 
M X [0, +oo): here we emphasize the fact that the time interval is infinite; 
this estimate, uniform in time, is crucial in the analysis of the long-time 
behaviour of the solution. Such a property is obtained (at least formally) by 
integration with respect to {x,t) in the definition IQ: this gives 7r#m(^) < 
IM(^o-0^d^rg{x). 
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3 Long-time behavior in the free transport 
equation 

In this section we show that, under the property of non- degeneracy of a 
defined in Def. El the density of the solution to the transport Problem 

(9t + a(x,0- V,.)/(t,a;,0 = 0, t>0,xGM,eGM, 

converges to its mean value. We first introduce some notations. 

Definition 4 (Density and mass) Let f G L^{M x M) and let E be a 

Borel subset o/M. Respectively the density and the mass of f on E are the 
quantities ue and ue defined by 

ue{x) = / f{x,i)di, X G M, Ue = UEdvg = / f{x,^)d^dvg. 
Je Jm Jmxe 

When E = M., these quantities are denoted u and u and called respectively 
the density of f and the mass of f . 

Since M is of volume 1 we also call u the mean-value of u. In what 
follows we denote by yjf the flow of a(-,^). The solution of the transport 
Problem (HUD will then be fit): ^ foiV-tX^O 

Proposition 5 (Homogenization in the free transport equation) Let 

fo G L2(M X M). Let f e C([0, +oo); L'^{M x M)) be the solution to the trans- 
port Problem l[TU\) . Let E be a Borel subset o/R. If A is non- degenerate on 
E, then the density of f{t) on E converges on average to the mass ue when 

t +00.- 



1 
T 



T 

\\uEit) - UE\\l2(M)dt < |a|(T;^)||/o||i2(Mxi?), (11) 



where \a\{T]E) is defined in 



The decay described in (11 II) above can be interpreted as a property of 
dispersion of the transport equation. We refer to te paper by Castella, 
Perthame [CP96j on the subject. 

Proof of Proposition O by linearity of the transport equation, UE{x,t) — 
Ue = /(i, a^, O'^'C where / is the solution to the transport Problem (fTOll 
with initial datum /o = /o~/a/ foi^iOdyg- Therefore, we can as well suppose 
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that /o G L'^{E] Lq{M)) and that ue = 0. By expanding the square in the 
norm, using Fubini's Theorem and the change of variable x' = (p-t,^^, we 
have 



L'^{M) 



' ExExAI 

Using Fubini's Theorem again, we obtain 



T 



\ue 




IQ JEJE 

The lemma then follows from the estimate 

r-T 



- j {fo{vit-,0,foiV-f,C))L^M)dtdCdC 




E J E 



< 



d^dC 

(12) 



valid for all / G L'^{E] Lq(M)). This inequality follows from and elemen- 
tary arguments. First, it is sufficient to prove it in case of separate variables. 
Indeed, the set of tensor functions v ® k{x,^) = v{x)k{C,), v G L'^{M),k G 
L^{E) is dense in L'^{M x E) and we notice that if (f„ ® kn) is a sequence 
of L2(M) ® L^{E) converging in L'^{M x to a / G L'^{E;Ll{M)), then 
we can suppose, upon subtracting its mean value to f„, that f„ G Ll{M) 
for all n. Therefore, to prove (|T2l) . we may as well suppose that f = v ^ k, 
V G Ll{M), k G L'^{E). Then we have 

(/(<^li-, 0> fi^-f, C))l2(m) = k{^)k{C){v o (^Ij, V o (^lt)i2(M) 

for a.e. ^, C G -E. We use the elementary inequality 2|A;(^)||A;(^)| < + 
|/c(C)P to obtain the bound 




E JE 



7f I {fivU;OJi^U;0)LHM)dt 




IMOP 



E JE 



(M) 



didC 



from which ( fT2l) follows by definition of |a|(T; E). This concludes the proof 
of Proposition O ■ 



4 Compactness of the orbit 

In this section, we state the following result of compactness. 
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Theorem 6 Assume M = T"^ is the d- dimensional torus and a is indepen- 
dent onx. Letuo G L°°(M) andletu G L~(Mx (0, +oo))nC([0, +00); L^(M)) 
be the entropy solution to the Cauchy Problem (dj-lElj- Then the family 
{u{- + t);t > 0} is relatively compact in L^{M). 

The result is classical in the theory of scalar conservation laws; we simply 
recall the arguments of the proof. We want to prove that the orbit is totally 
bounded, i. e. can be covered by a finite number of balls of arbitrary diameter 
in L^{M): first, by approximation and the property of L^-contraction, we can 
suppose that uq G BV{M). The invariance by translation of the problem and 
the property of L ^-contraction then show that 

h'^\\u{t, ■ + h) - u{t)\\Li(M) < h'^\\uo{- + h) - uqWl^m) < \\uo\\bv{m) 

for any /i G M°', which yields the uniform bound || _bv(m) < ||^^o||bv(m)5 
whence the result by compactness of the injection H BV{M) in L^(M). 

5 Convergence of the entropy solution 

In this section we prove the main result. Theorem O Let therefore Uq G 
L°°{M), let u be the mean- value over M of Uq and let E be an open interval 
of M containing u such that A is non-degenerate on E. Let u be the entropy 
solution to ([I])-®- By the maximum principle we have —R < u < R 
a.e. where R := ||uo||L°o(Af)- If A G M, then u + A is also solution to ([Il)-(l2]) 
where uq has been replaced by mq + A and A{u,x) by A{u — A,x). These 
modifications do not affect the hypothesis of non-degeneracy of A, therefore 
we will suppose, without loss of generality, that u and uq are non-negative: 
Q < u < R and < Mq < -R a.e. We will also discard the trivial cases m = 
or u = R. Eventually, we will suppose in a first step that E = (0, R) {A is 
non-degenerate everywhere). 

Step 1. A non-degenerate everywhere. Let be an increasing 
sequence of time steps which tends to +00. Let e > 0. Fix Ti > such that 
|a|(Ti, i?)||Mo||Li(M) < Up to a subsequence, we can suppose that all the 
intervals [tn,tn + Ti], n E N, are mutually disjoint. Since m is finite over 
M X [0, +00) X [0, R], we have then 

\im m{M x[tn,tn + Ti]x[0,R]) = 0. (13) 

Define Un G C{[0,Ti]; L^{M)) by Un{x,t) = u{x,t + tn)- By the compactness 
result of Theorem E], there exists a subsequence still denoted (t„) and ^0,00 £ 
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L°°(M) such that m„(0) — > Uo,oo in -^v^(M). Since /„ := Xu„ ^ [0,1] a.e. on 
M X [0,Ti] X R, there exists '/oo e L^{M x [0,Ti] x M), /^^ G [0,1] a.e., 
such that /„ ^ /oo in L°°(M x [O.Ti] x M)-weak-*. Additionnally, djn = 
^oiO ~ ^txiO where i/"^ is the Young measure with support in [0, R] defined 
by ^tx = ^un{t,x)- Consequently, up to a new subsequence, we can suppose 
that d^foo = ^oiO — ^t,x where Pt,x is a Young measure supported in [0,i?]. 
The equation satisfied by /oo is the following one: for ip G C^(M x [0, Ti) x M), 
we have, introducing (^„(t, x, ^ = ip{t - t„, a;, 0, /n = 

fn{dt + a-V)ip= / / f{dt + a-V)^n. 

Jo J M Jo Jtn J M Jo 

By ([7]), we compute explicitely the right hand-side and obtain 

fTi p pR p pR ptn+Ti p pR 

/ / Udt + a-\/)ip+ / Xu„(oM^)= / / md^ifn. (U) 

Jm Jo J m Jo Jtn J m Jo 

The bound \\d^'-Pn\\L'^{[tr,u+Ti\xMx[o,R]) < \\d^'P\\L^ilo,Ti]xMx[o,R]) and 
show that the right-hand side of (fT^ converges to when n — >• +oo: 

Jo Jm Jo Jm Jo 

Consequently, /oo is solution to the free transport equation ((9^ + a ■ V)/ = 
with initial datum Xmooo- Using test-functions of the form ip{t,x)ri'{C,) for 
regular convex function 7], we obtain that h't,x is a measure- valued (is-)entropy 
solution to the scalar conservation law ([T]) with initial datum ^ . By 
Theorem 5.3 in |BAL07] . which asserts the uniqueness of measure- valued 
entropy solution with Dirac mass initial datum, we have u^^t = Suoo{x,t) where 
Moo is the entropy solution to ([T]) with initial datum Mcoo- Coming back at 
the kinetic level, we obtain that /oo is an equilibrium function: /oo = Xuao- 
This also implies that is converging to Uoo in L^{M x [0,Ti]) strongly. 

Since /oo has the same mass as /„(t), Moo = u, Proposition O with, we 
recall, E = (0, R) here, gives 

1 f^^ 

J \\uoo{t) -u\\l2(^M^dt < \a\{Ti,E)\\xu^J\l2(^Mx[o,R])- 
Since ||x«oo,olli2(Mx[o,J?]) = II«oo,o||li(a^) ^ II^oIUhm), we obtain 



1 



7^ ||noo(t) -M|L2(^^)dt < £ . (15) 

^1 Jo 
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Then, Jensen's Inequality and the inequahty ||f|| li(m) ^ 11^ II l2(m) show fi- 
nally that 



1 /"^i 

7^ \\u^{t) -u\\Li(M)dt < e. (16) 
J-i Jo 

By the L^-contraction/comparison principle ([H]), the map t ||u(t) — u||ii(M) 
is non-increasing. Therefore it has a limit when t +oo and, furthermore, 
it satisfies for every G N, 

1 /"^i 

||m((Ti + tn)) - m||l1(M) < TTT / Ikn(i) " u\\L^M)dt. 

-fi Jo 



At the limit [n — > +oo], (|TU|) gives 
^ iim llwft) - u\\rA(M) < / 



1 /"^^ 

lim \\u{t) - u\\l^m) < ttt / \\uoo{t) - u\\Li{M)dt < e. 

,^+oo 1 Jo 



Since e is arbitrary, limt_»+oo \\u(t) — m||li(a/) = 0. 

Step 2. A non-degenerate in the neighborhood of u. Let us now 

turn to the general case, where is a neighborhood of u and not necessarily 
the whole interval (0,i?). Without loss of generality, we can suppose E = 
[u, (], ( & (m, R) (recall that we have supposed < u < R). Fix Eq > 
(possibly depending on E and it), fix e < min(£:o, 1) and Ti > such that 
|a|(Ti, £')||mo||li(m) < The same reasoning as above gives, instead of (fTSl) . 
the bound 



1 '■^^ 



where Uoo,e and Uoo,e are respectively the density and mass of foo in E. By 
Jensen's Inequality, and the inequality ||u||li(m) < ||'i'IU2(M), we obtain the 
estimate 

777/ \\Uoo,e{^) - Uoo,E\\LHM)dt < e'^. (17) 

J-1 Jo 

To conclude in the same way as above [i.e. by monotony of t i-^ ll'^^(^) ~ 
''^IIli(m)), it is therefore sufficient to show that the norm ||moo,e(^)— Moo,£;||li(m) 
gives a control on the norm ||moo(^) — Uoo\\l^{m)- This is the content of the 
following lemma that we apply to f = Uooit) and / = fooit) (notice that the 
statement and result of the lemma are time- independent). 
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Lemma 7 Let v G L°°{M), < v < R a.e. and let f = Xv the associated 
equilibrium function. Let E be an interval of the form E = [v,(], C ^ {v, R). 
Then there exists 60 = 6o{\E\,v) > such that, for every < 6 < 60, 



Admit the lemma for the moment. Since Uoo = u and thus ^od-^'l, ^oo) = 
6o{\E\,u) are independent on time, we can sum over t G [0, Ti] the inequahty 
( |T8l) where v = 'Uoo(i); by ( |T7|) we obtain the estimate 



^ Jo 

Having chosen retrospectively Eq = 60, we see we can take 6 = e in the 
inequality above to get the following bound, similar to fll6p in Step 1: 



We then derive, as in Step 1, the estimate lim \\u{t) — u\\li(m) < (9 + 8R)e 
and conclude that limt^+00 IWit) ~ u\\l^{m) = 0. ■ 
Proof of Lemma O Note that since E = [v, Q 



We deduce the following formula 

(f (x) — v)^ = ve{x) + {v{x) — ()~^ 
and will use more specifically the three following implications: 

• If ve{x) > 0, then v{x) > ve{x) + v, 

• if < ve{x) < \E\, then (t>(x) — v)^ < ve{x), 

• If < ve{x) < \E\, then \v{x) — v — ve{x)\ = \ve{x) — ve{x)\. 

We first show that ve stays strictly lower than \E\: we have v > ve + v 
whenever ve ^ ^ > 0, and therefore 



V - v\\li(^m) <6 + 8{1 + R6 ^) \\ve - ve\\l^(m)- 



(18) 





Ve{x) = min{^, v{x)} — v. 
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Integrating over A G [0, \E\], we get v\E\ > Jj^jv"^ + vve and, by Jensen's 
Inequality, v\E\ >v\ + vve- Consequently, ve is smaller than the root k in 
[0, of the equation = {\E\ — k)v. Since this root cannot be \E\, it is 
strictly smaller than \E\: <\E\— c{\E\,v) where c{\E\,v) > 0. We obtain: 

VE <\E\-c{\E\,v). (19) 

Set So = ram{\E\/4:,c{\E\,v)) and fix 5 e {0,So). If < ve{x) < 26, then 
< ve{x) < \E\ and thus {v — v)~^{x) < ve{x) < 26. This shows that 

[{v-vy<26+[ {v-vy <26 + R\{ve>26}\. (20) 

Jm J{ve>25} 

If Ve < 6, then, by Chebychev's Inequality, 

\{ve > 26}\ < \{ve -ve> 6}\ < 6'^\\ve - ve\\l^(m)- 

Since \\v — v\\l'>-{m) = 2\\{v — v)^\\li(^m), we get the estimate 

\\v - v\\li(m) < 4(5 + 2R6''^\\ve - VEWmu), (21) 

provided ve < 6. In the case ve > 6 we proceed slightly differently: we give 
an estimate on the quantity 



/ 



\V — V — Ve\ 

via the partition M = Mi U Ms, Mi = {\ve - ve\ < 6}, Ms = {\ve - ve\ > 
6}. On Ml, we have < f^; < \E\ by (|T^ and the choice of 6q, hence 
\v — V — ve\ = \ve — ve\- This shows that 

\v -V -ve\ < \\ve - VeWl^M)- 

'Ml 

On the other hand, the sum over Ms can be bounded as above in fl?Il) : 



/ \v — V — ve\ < R6 ^\\ve — veWl'^ 
Jm2 



(A/)- 



We obtain therefore \\v — v ~ ve\\l'^(m) < {I + R6 ^) \\ve — ve\\l'^(m)- Since 
v is the mean value of v, we also have 

<ve = - V -V -Ve <\\v -V ~ veWl^m)- 
Jm 
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This shows that ||t> — v\\li(^m) < 2 (1 + R6^^) \\ve — ve\\l'^{m) when ve > S. 
By fl?T]) . we conclude that, independently on the sign of ve — S, we have 
11"^ ~'v\\li(^m) < 4(5 + 2 (1 + R6~^) \\ve — ve\\l'^(m)- Replace 6 hj 6/4 to obtain 



Notice that, apart from the argument of relative compactness of the orbit, 
the proof of Theorem [2] is not restricted to the case of the torus. We can 
therefore state the following result. 

Proposition 8 Let uq G L°°{M) and let u denote the mass (constant in 
time) of the entropy solution u G C(M+; L^(M))nL°°(]R+ x M) of the Cauchy 
Problem ^\)-^, 



u = u{x, t)dwg[x). 

J M 

Assume that the orbit {u(t);t > 0} is relatively compact in L^{M). If the 
flux A is non- degenerate on a neighborhood of u, then u{t) u in L^^M) 
for every 1 < p < +oo when t +oo. 

A possible way to prove the compactness of the orbit would be the exten- 
sion of the averaging lemmas to the case of Riemannian manifold, under the 
non-degeneracy hypothesis of Def. [TJ The proof of the averaging lemmas be- 
ing essentially based on the Fourier Transform (case of W^) or Fourier Series 
(case of T'^), this seems out of reach for the moment. 

To complete Theorem [21 we prove the following lemma. 

Lemma 9 Let E be a Borel subset ofM.. Assume the non- degeneracy condi- 
tion 



Then A is non-degenerate on E in the sense of DefinitionUi 

Proof: Denote by {en)n&Z'' the Fourier orthonormal basis on T'^, e„(x) = 
exp(2z7™ ■ x). Since ip^_f{x) = x -\- ta{^) is a translation, we have 



\/i^eS'',\{^eE;il,a{Of-iy}\=0. 



(22) 




E -l^ Jo 
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where the supremum is taken over G E. We compute 



T 



sm{nTn ■ [a(0 - a(C)]) 



nTn ■ [a(0 - a(C)] 



(23) 



in case n ■ [a(^) — a(C)] 7^ (value 1 otherwise). For 1 > 7 > 0, set 
£(7):= sup \{^eE;\l3-aiO-a\<^}\. 

Notice that the supremum in £(7) can be taken over K = [—M — 1, M + 1] x 
gd-i ^Yieie M := ||a||Lco(s). By (I22D, |{^ G /5 ■ a(0 - a = 0}| = for all 
(3 G S'^~^,Va G M. In particular the function 

(a,P,j)^\{^eE;\P-a{0-a\<^}\ 

is continuous with respect to 7 and, at fixed a, /5, converges to when 7 — > 0. 
Besides, the convergence is monotone, hence uniform with respect to {a, (3) 
in the compact K. We conclude that 5(7) — when 7 — > 0. 

Let e > 0. There exists 7 > such that 5(7) < e. Let n E \ {0} and 
C E E. Set E{n,() = E E; \n{-a{^) — a{())\ < 7} and consider the sums 



sin(7rTn ■ [a(0 - a(C)]) 



TrTn ■ [a(0 - a(C)] 



for F = E{n, () and F = E \ E{n, (). When F = E{n, Q, the argument is 
bounded (by 1) and the domain of integration is of measure less than e, thus 
the sum is less than e. Wen F = E \ E{n, (), the argument is bounded by 
|7rT7|~-'^, thus the sum is less than We conclude that 

1^1 



\a\{T;E) <6 + 



irT'j ' 



hence \a\{T; E) < 2e for T large enough. 
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